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Abstract. We study a class of continuous matrix-valued Anderson models 
acting on L^(R'*) Cgi C'^. We prove the existence of their Integrated Density 
of States for any d > 1 and A'^ > 1. Then for d = I and for arbitrary A^, 
we prove the Holder continuity of the Integrated Density of States under some 
assumption on the group G^i^, generated by the transfer matrices associated to 
our models. This regularity result is based upon the analoguous regularity of 
the Lyapounov exponents associated to our model, and a new Thouless formula 
which relates the sum of the positive Lyapounov exponents to the Integrated 
Density of States. In the final section, we present an example of matrix-valued 
Anderson model for which we have already proved, in a previous article, that 
the assumption on the group G/j,^ is verifiei 
developed here can be applied to this model. 



1. Introduction 

We will study the question of the existence of the Integrated Density of States 
and its regularity for continuous matrix-valued Anderson models of the form : 

(1) Ha{uj) = -Ad ® /jv + ^ - n) 

acting on C^, d and N are non- negative integers, In is the identity 

matrix of order N and A^; denotes the d-dimensional continuous Laplacian. Let 
{n, A, P) be a complete probability space and ut E ^. For every n g Z, the functions 
X I— !■ vS"'\x) will be symmetric matrix-valued functions, supported in [0, l]'^, and 
bounded uniformly on x,n and lu. We also set : 

and denote by Kj the maximal multiplication operator by a; i— > V^{x). The function 
X I— *■ Vi^{x) is uniformly bounded on M in a; and in uj. The potential 14; will also 
be such that the operator Ha{uj) is Z''-ergodic. As a bounded perturbation of 
—Ad ^ In, the operator IIa{i^) is self-adjoint on the Sobolev space i/^(R'*) C^. 

We want to define a function of the real variable which will count the number of 
proper energy states of IIa{(^) below a fixed energy E. For systems like such a 
definition will usually lead to an infinite function as the operators we study act on 
an infinite-dimensional Hilbert space and thus have infinitely many spectral values. 
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To avoid this problem, wc will define our function, the Integrated Density of States 
or IDS, as a thermodynamical limit as explained in Section [2l It will lead to a 
problem of existence of such a thermodynamical limit. We will prove the existence 
of the IDS in Section [2] for any d and any N. This existence proof will be based 
upon a matrix-valued Feynman-Kac formula proven in 2J and the adaptation of 
the argument of Carmona in 7 to matrix-valued operators. Once we have proven 
the existence of the IDS, we will study its regularity as a function of the energy 
parameter E. For this second step, we will restrict ourselves to the case where 
d — 1 and N is arbitrary, to be able to use the tools coming from the theory of 
ODE such as the notion of a transfer matrix. We will prove in Section [4] that under 
some assumption on V^, or more precisely on the group generated by the transfer 
matrices associated to Ha{uj), the IDS is locally Holder continuous. This result 
will come from the analoguous regularity result on Lyapounov exponents proved in 
Section [31 and from a Thouless formula proven in Section [J] which relates the IDS 
to the Lyapounov exponents. To prove this Thouless formula, we use results of 
Kotani and Simon in ^20] and Kotani in [19[ . The regularity result on Lyapounov 
exponents is based upon the results of Carmona and Lacroix in [9] and Lacroix, 
Klein and Speis in J17j . We also need to prove estimates on the transfer matrices for 
our model ([T]) (for d — 1) similar to those proven in llj in the scalar-valued case. In 
a final section, we present an example of continuous matrix-valued Anderson model 
for which the needed assumption on the group generated by the transfer matrices 
is verified. This example is the following matrix-valued Anderson-Bernoulli model 



acting on L^(M) (g) C^, with (wj" )„gz and )nez two independent sequences of 
independent and identically distributed (i.i.d.) random variables with common law 
1/ such that {0, 1} C suppz/. This model has already been studied by the author in 
[5] as an improvement of a result by Stolz and the author in [5] . We proved in [S] 
absence of absolutely continuous spectrum and pointed out that the improvement 
made in [3] was necessary to be able to prove local Holder continuity of the IDS. 

The study of the regularity of the IDS is an important step to prove Anderson 
localization by using a multiscale analysis scheme. It is the key ingredient to prove 
a Wegner estimate as was done in [8] and to adapt it to the case of scalar-valued 
continuous Anderson model in [IT]. We believe that once we will have adapted 
existing multiscale analysis schemes to the case of matrix-valued operators then it 
will be possible to prove a Wegner estimate and an Initial Length Scale Estimate 
for model ([1]) for d = 1 and arbitrary N. We will then be able to prove Anderson 
and dynamical localization for this model as explained in [24j . 

The question of localization for one-dimensional continuous matrix-valued An- 
derson model is coming from a more general problem on Anderson models. Local- 
ization for continuous Anderson models in dimension d > 2 at all energies is still an 
open problem if one looks for arbitrary disorder, including Bernoulli randomness. A 
possible approach to the localization for d = 2 is to discretize one direction, which 
leads to considering a one-dimensional Anderson model, no longer scalar-valued. 
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but N X N matrix- valued as here for d — 1. What is aheady well understood 
is the case of dimension one scalar-valued continuous Schrodinger operators with 
arbitrary randomness (see and discrete matrix- valued Schrodinger operators, 
also for arbitrary randomness (see [14] and [17]). We want to combine here tech- 
niques of [11] and [17] to get the local Holder continuity of the IDS for continuous 
matrix-valued models. 

We finish by mentioning that different methods have been used in |16j to prove 
localization properties for random operators on discrete strips. They are based 
upon the use of spectral averaging techniques which did not allow to handle with 
singular distributions of the random parameters like in our model ([2]). 

2. Existence of the IDS 

In this section we will define the IDS associated to the operator i/^((jj) and 
prove its existence. The proof of the existence for the IDS will strongly relic on a 
matrix-valued Feynman-Kac formula which we will present after the definition of 
the IDS. 

As we have already noticed in the introduction, the operator Ha{ui) is self- 
adjoint and Z'^-ergodic. But, in some parts of the following proofs, and also in 
Sectional we will need a stronger assumption of M'^-ergodicity for Ha{'jj) instead 
of only Z'^-ergodicity. To avoid this lack of R'^-ergodicity in general, we can refer 
to the suspension procedure developed by Kirsch in [:15^. This procedure allows 
us to construct from i/^(w) an operator Ha{Co), defined on a bigger probability 
space, which is M'^-ergodic. HA{i^) is also constructed in a way such that its IDS 
and Lyapounov exponents exist if and only if those of Ha{uj) exist, and in this case 
they are equal for both operators. Considering the use of this suspension procedure 
we will work in the following with Ha {(^) as if it is M'^-ergodic instead of being only 
Z'^-ergodic. 

2.1. Definition of the IDS. We aim at defining a function that will gives us the 
mean number per unit volume of spectral values of Ha{i-o) situated below a fixed 
real number E. In order to define this function we will first restrict Ha{uj) to cubes 
of finite volume of Mf^. Let L be a strictly positive integer and D — [~L,L]'^ C M.'^ 
be the cube centered at and of length 2L. We set : 

(3) ^(c.) = -A^^) ®In+J2 - ^) 

the restriction of Ha{'^) acting on L^{D) (g) with Dirichlet boundary conditions 
on D. 

Definition 1. The Integrated Density of States, or IDS, associated to IIa{^) is 
the function from R to R_|_, E i— > N(E) where N{E) for E £ W is defined as the 
following thermodynamical limit : 

1 

L^+OG ID I 



(4) 7V(S)=^lim j^^fj^{\ < E\ \ (j{H^^\uo))} 



where li)] is the volume of D. 

Here we have a double problem of existence in the expression ^ . First we have 
to prove that the cardinal #{A < E\ X G a{H^^\io))} is finite for each fixed E and 
then we have to show the existence of the limit. The answer to each one of these 
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problems relies on the existence of an L^-kernel for the one-parameter semigroup 

(e-*<'(-))t>o. 

2.2. A matrix-valued Feynman-Kac formula. We will first present a matrix- 
valued Feynman-Kac formula for the one-parameter semigroup (e~*'^-*''^')f>o due 
to Boulton and Rcstuccia ([2]). We will then deduce a Feynman-Kac formula for 



Let W = C(M+, M) be the space of continuous functions from to M. For every 
t > we consider the coordinate function : 

: W — > M 

W I > Xt{\N) = w{t) 

Let W be the smallest cr-algebra on W for which all the applications Xt are mea- 
surable. For s,t > and x,y gM."^ we denote by Ws,x,t,y the conditional Wiener 
measure, defined on (W, W), associated to the Brownian motion starting from x at 
the time s and arriving on y at the time t. We also denote by ¥,s^x,t,y the expectancy 
associated to the measure Ws,x,t,y For a construction of such conditional Wiener 
measure and for a construction of the path integral associated to, we refer to [52], 
chapter 2. 

We now study the one-parameter semigroup (e~*^'*('^')t>o. We fix t > and 
w € ri. By the Lie- Trotter formula we have : 

For a fixed n € N, we can use corollary 3.1.2, p47 in [13] to get that the operator 

(e-(-^^®^")^e-^-^)" 
has an integral kernel given by the following path integral : 



« n 

(6) y ne-(^)-^^W^»dW^o,.,*,,(w) 



But when n tends to infinity we find, by definition of the time-ordered exponential 
(see [12]) : 

(7) ^lini^n^"^"^-''^^"'^"" = exp„,, (^-J\^{^{s)) ds 
Then by Lebesgue's dominated convergence theorem, we have that : 

(8) V/ e L'iR") ® C^, Vx e R", e-'"^^^'^f{x) = / Kt{x, y)f{y) dx 

JR'' 

where : 

(9) Vx,2/ e yt > 0, Ktix.y) = J exp^^^ K.(w(s)) ds^ dWo 

So we have just proven that e"*^-*'"^ has an integral kernel, Kt{x,y). Let us see 
how to deduce from this integral kernel, the existence of an integral kernel for 
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e~*'^^ We denote by Tu{w) the time of the first exit from D of the path 

w e W : 

(10) TdH = mi{t > 0, Xt{w) i D} 

Then the fact that we used Dirichlet boundary conditions to define hI^\uj) aUows 
us to use results on killed Brownian motions (see [18] ) which leads to the following 
formula : 

yt > 0, V/ e l2(R'^) ® C^, Vx e e-*-^^°'('^V(a;) = 
(11) 

X{t<T(D)(vj)}i^)cxp^rd(^- K;(Xs{w)) dsj dWo,x,t,y{v^) e ' 2"' f{y)dy 

So we have the following proposition : 

Proposition 1. For every t > e a y^> has an integral kernel given by the 
formula : 

Vx,?/ e yt > 0, Ki°\x,y) = 

(12) -^(^J X{t<T(i3)(w)}(w)exp„^d (^-^ Vu,{Xs{w)) ds^ dWo,x,t,yM e~ ' 2"' ^ 
And k[°^ is m L'^{D'^) (g) 7Wn(C) /or every t > 0. 

Proof. The first assertion and the formula (|12p come from ITTI) . Then D is a 
compact domain in and for a fixed t > 0, (x, y) i—s- /"Cf (x, is continuous. As 
in (|12p . t is bounded by T£){\n), we have that is in L2(i:)2) (K) A^n(C) as it is 

a bounded continuous function on D^. □ 

This proposition will be the main ingredient to prove the existence of the IDS 
associated to Ha{uj). 

2.3. Existence of the IDS. From Proposition [T^ we deduce that for every t > 0, 
the operator e"*^^ is Hilbert-Schmidt on L'^{D) » C^. Thus, its spect rum IS 
of the form : 

{e ^ ^ J >0\ 

where (A^^' (ci;))j>o is an increasing sequence of real numbers, bounded from below 

and tending to +00. This sequence is the spectrum of H^\lu). In particular, for 
a fixed E eM: 

#{A < I A e a(i7f '(c.))} = #{Af < i?} < +00 

This answers the first part of the problem of existence of N{E). It remains to prove 
that the sequence |^#{A^^''(a;) < E} converges to a real number independent of 
uj: N{E). To that end, we introduce the counting measure of the eigenvalues of 
<^(-) : 

where is the Dirac measure at X^j^\uj). Then we have : 
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Proposition 2. The sequence of measures {nD,i^)L>i converges vaguely to a mea- 
sure n independent of lu as L tends to +00 for P-almost every lo in il. Moreover, 
the Laplace transform of this measure n is given by: Vi > 0, 



1 



(14) L(n)(i) = ^= J J^Ttcn exp,,d [~ / VL(X,(w)) ds ] duj dW^o.o,t,o(w) 
Corollary 1. For every E E R., the limit : 



1 

L^Too \D\ 



N{E)= ^lim ^i^{X < E\ X e (j{H^f\uj))} 



exists and is P-almost surely independent of u. The function E i— s- N{E) is the 
repartition function of n ; 

yE e R, N{E) = n{[E,+oo)) 

Before proving this proposition, we need to prove a lemma which gives the ex- 
pression of the trace of an operator with matrix-valued integral kernel. We adapt 
here a result of Simon proven in [23 , thm 3.9, p. 35. 

Lemma 1. Let H be a self-adjoint operator acting on L^{D) (g) where D cM.''' 
is a compact set. We assume that for all t > the operator e~*^ is class-trace 
has a matrix-valued integral kernel Kt . Then: 



Tr(e-*^) = / Trc'^Kt{x,x)dx 

J D 



where Tr^iv denotes the usual trace on N x N matrices. 
Proof Let n e N, m e {0, . . . , 2"} and fc G {1, . . . , N}. We set: 

^ *(0,... ,0,2^,0,. ..,0) if VzG {l,...iV}, -L.^ <L.^ 

<Pn,m.k[x) - <^ '(0,...,0) otlierwise 

where 2'^ is at the fc-th position. Then the family m,fc}neN.o<r?x<2'»,i<fc<Af is a 
Hilbert basis of the Hilbert space L^{D) ^ C^. 

Let Pn be the projection on the subspace spanned by the 2"7V functions (j)n,m,k 
for n fixed and m G {0, . . . , 2"}, fc G {1, . . . , N}. Then one can construct an Hilbert 
basis (V;!, -02, ■ • •) of L'^{D) such that : 

Vn G N, ipi,. . ip2"N e Im Pn 

Then we have : 

Trie-*") = lim Tr(P„e-*-f^P„) 

'n—*-\-oo 

by Th 3.1, p31 in [23]. But : 

N 2" 



Vn G N, Tr(P„e-*^P„) (-^".^.fc, e-*^0„,„,fc) 



fc=l m=l 
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N 2" 



k—1 m—1 



_i JD JD 



I I 2t.2t (^(0,...,l,...,0)/r*(x,y)*(0,...,l,...,0)) da:dj/ 



\k=l 



'Tr^«{Kt{x,y)) 



2" 



= 2"^ / / TvcN{Kt{x,y))dxdy 
Then by uniform continuity of Kt on the compact set : 



lim 2" V 



m=lJ J -L.^^<Xi,yi<L. 



J D 



Ax 



□ 



Proposition\^ We fix i > 0. We have : 

Jr 



— T 

\D\ ^ 



6 3 



j>0 



= — - / TYc'^{Kt(x,x))Ax 



\D\ 

_L ]_ 



X{t<Tj3(w)}(w)Trciv exp^^d VL(Xs(w)) ds^ dH/o,^,t,:i:(w) da; 



by (1T2|). We set: 



1 1 

\D\y/2^t 



j j T^^f-N e^v>ord{^ j K;(Xs(w)) ds^ dWo,3:,t,2^(w) da; 



(15) Ad = 

and: 
(16) 

"^■"^]^"71^y y X{t>TB{w)}(w)TrcN exp^^d (^-y VL(Xs(w)) ds ) dH^o,:r,t,^(w) da; 



Using Birkhoff's theorem when L ^ +oo in yl^), we get 
1 

/2^i J Jn 



(17) lim ^Id 

L — ' + 



Let n be the measure on M (with the Borel ti-algebra) such that: 



(18) L{n){t) = 



, , Trciv expo,.^ - / V^{Xs{w))ds] dcj dWo,o,t,o(w) 
'znt J Jn \ Jo 



To prove that xid.uj converges vaguely to n as L tends to infinity, it remains to 
prove that Bd ^ and that the convergence of Ad and Bd happens on a set 
fli independent of t and of measure 1. Actually, for the rest of the proof, we can 
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refer to the proof of Carmona in 7 , Th.Vl, p. 66 — 67. Indeed, as is uniformly 
bounded on R in a; and in co, the function: 

^^^^ (^,w) ^ Trc«exp„,d(-/jK.(X,(w))) 

for i > fixed is in every L^{ri x W, PfE" Wo,o) for aU r > 1. Here Wo,o is the Wiener 
measure defined on (W, W) associated to the Brownian motion starting from at 
time 0. Thus, function (flQl) has the same properties as the function: 



X W 

(20) , , _ „..r_r*, 



in [7], Th.Vl. Then one can rewrite the end of the proof of 7] by changing by 
(HH). □ 

Remark: In the proof of Proposition [21 we did not verify that the limit measure 
n does not depend on the choice of boundary conditions for H^\ll>). This choice 
appears in formula (fTT|) by introducing the characteristic function X{t<Tolui)} cor- 
responding to a killed Brownian motion. If by example we had chosen Neumann 
boundary conditions instead of Dirichlet boundary conditions we should had to 
change this characteristic function to make it correspond to a reflected Brownian 
motion (see [18], chapter 4). The rest of the proofs is unchanged and the expression 
of n does not depend on X{t<To{i^)}- 

We finish this section by proving a formula which relates the measure n to the 
spectral measure associated to the self-adjoint operator Ha{lo). This spectral mea- 
sure will be denoted by: Eh^ (i^) ■ 

Proposition 3. Let f be a continuous, positive, compactly supported function on 
S."^, such that ||/||i2(R£i) — 1- We denote by Mj the maximal multiplication operator 
by f. Then for every bounded Borel set B ofM., the operator A'IfE}{A{uj){B)Mf is 
trace- class P -almost surely in lo and: 

(21) n{B) = E{Tr{MfEHAi^){B)Mj)) 
where E is the expectancy associated to the probability measure P. 

Proof. If i? C M is a bounded Borel set of M, then there exist strictly positives 
constants C and t such that : 

(22) Vxe M, xb{x) < Ce"*^ 

Let {fk}k>i be a Hilbert basis of L'^(R'^) (g) C^. Let / be a positive, continuous, 
compactly supported function on M'^, such that ||/||L2(jjd) = 1. Then: 

E I ^ < {MfEHAW){B)Mj)fk, /ft > I < CE I ^ < e"*"^ (/A) > ) 



by the spectral theorem applicated to xb, the inequality ([22)1 and the fact that 
Mf is self-adjoint as / is real-valued. But: 

IE ( E < e"*''"^"^(//fc), (//fe) > j = IE (Tr(A//e-*^-('^)Af/)) 
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Let L be large enough for D = [—L,LY to contain the support of /. Then using 
lemma [T] 



E 



(Tr(Af/e"*-^-*("'M/)) = e(/ f{xfTT:c'^Kt{x,x) Ax 

^ ^ \Jsupnf 



/supp/ 

(23) = e(^J f{xfTic«Kt{x,x) dx 

with Kt given by ([9]). Then, using the M''-ergodicity of Ha{uj) at the second equal- 
ity: 

e( [ f{x)^TTcNKt{x,x) dx 

^ f f{xf I Trc«exp„,d (- I K.(w(s)) ds ) dW^o,x,t,.(w) dx 



'2TTt 







-i=E ( [ f{xf [ Trc« exp,,, 
-^E ( f f{xf f Trc« exp„ 



K^(a; + w(s)) ds ) dWo,o,t,o(w) dx 







ord - / K.(W(S)) ds dW^0,0,t,0(w) dx 







(24) -i=E ( / Trc«exp,,d ( - / K.(w(s)) ds ) dW^o.o,t,o(w) 



And this last expectancy is finite by Proposition [51 So we have proved that: 







Eij2< {MfEH,i^){B)Mf)hJk > 
\k>i , 

(25) ^^;i|</Trc-xp..,(-/ 



K.(w(s)) ds dH/o,o,t,o(w) < +00 



which means that the operator MfEH^{Lu){B)Mf is trace class P-almost surely on 
uj E fl. It also proves that B i-^ E,{Tr {MfEHji(uj){B)Mf )) defines a Radon measure 
on R whose Laplace transform is: 

(26) L{E{TT{MfEH,i^){.)Mf))){t) = E(Tr(Af/e-*«-(-) Af/)) = L{n){t) 

by ([23]), ([55)1 and (|14p. By injectivity of the Laplace transform, we have that for 
every bounded Borel set B cR: 

n{B)^E{TT{MfEH,i^){B)Mf)) 

□ 



All the results of this section were valid for Ha{uj) acting on L^(R'^) (g) for 
every d and every N. In the next sections, we will restrict our presentation to the 
case of d = 1 and N arbitrary, > 1. It will allow us to introduce the Lyapounov 
exponents associated to HA{i^)- 

We want to study the regularity of the function E N{E). As an increasing 
function we already know that it has left and right limits at each point of the real 
line. We will actually prove that the IDS is locally Holder continuous. To prove this, 
we will prove the same regularity property for the Lyapounov exponents associated 
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to Ha{lo) and show that the IDS and the Lyapounov exponents are related to each 
other trough an harmonic analysis formula, a Thouless formula. 

3. Lyapounov exponents 

3.1. Definition and integral representation. We start with a review of some 
results about Lyapounov exponents. These results holds for general sequences of 
independent and identically distributed {i.i.d.) random symplectic matrices. Let 
be a positive integer. Let Sp^(]R) denote the group of 2N x 2N real symplectic 
matrices. It is the subgroup of GL2Ar(]R) of matrices M satisfying 

*MJM = J, 

where J is the matrix of order 2N defined by J = ( ^q" ) . 

Definition 2. Let {A^)neii be a sequence of i.i.d. random matrices in Sp^(M) with 

E(log+P^||) <oo. 

The Lyapunov exponents ji, . . . ,j2N associated with {A':^)neN oltr defined induc- 
tively by 

(27) X^7.= lim iE(log||AP(A-_i...A-)||) 



forpe {!,..., N}. 

Here, A^M denotes the p-th exterior power of the matrix M, acting on the p-th 
exterior power of R^^. One has 7i > • . . > 72 v- Moreover, the random matrices 
{An)neN being symplectic, we have the symmetry property 72V-i+i — — 7i, Vi £ 
{1, . . . , iV} (see ilj p.89, Prop 3.2). 

Let ^ be a probability measure on Spjv(R). We denote by the smallest 
closed subgroup of Spjy(R) which contains the topological support of fi, supp fi. 
We also define for every p e {!,..., N}, the p-Lagrangian submanifold Lp of M^^, 
as the subspace of A^M^^ spanned by {Mei A . .. A Mcp \ M e Sp^(M)}, where 
(ei, . . . , e2Ar) is the canonical basis of M^^. 

We can now give a generalization of Fiirstenberg's theorem for > 1. For the 
definitions of Lp-strong irreducibility and p-contractivity we refer to [1] , definitions 
A.IV.3.3 and A.IV.l.l, respectively. 

Proposition 4. Let {A':^JneN be a sequence of i.i.d. random symplectic matrices of 
order 2N and p be an integer, 1 < p < N . Let ji be the common distribution of the 

A^n- If 

(a) is p- contracting and Lp- strongly irreducible, 

(b) E(log||Af:;|!)<oo, 

then the following holds: 

(i) 7p > 7p+i 

(ii) For any non zero x in Lpi 



lim -^\og\\{^^A-_,...A-)x\\)=j2l^■ 
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(iii) There exists a unique ^-invariant probability measure Vp on '^{Lp) = {a; G 
P(APM2^V) I a; e Lp} such that: 

^ f ,11 Af Ma;|| , , , , 

> 7i = / log -r— dn{M) diyp{x) 

t=l "'Sp„(R)xP(Lp) IFII 

Proof. This is Proposition 3.4 of [T]. □ 

It remains to define the Lyapounov exponents associated to the operator Ha{lo) 
for d — \ and > 1. For e M we can consider the second order differential 
system : 

(28) Ha{uj)u^ Eu<=^ ~u" + V^u^ En 

with u = . . . ,MAr) G C^. We introduce the transfer matrix A^lE) from n to 
n + 1, defined by the relation: 

( u{n + l,E) u{n,E) \ 

\ u'{n+l,E) J y u'in,E) J 

Then one can verify that (A':^{E))n£n is a sequence of i.i.d. random symplectic 
matrices because the system ()28p is Hamiltonian. So we can define the Lyapounov 
exponents associated to the operator Ha{i-o) as the Lyapounov exponents of the 
sequence of transfer matrices (A^(£'))„gN- Since the transfer matrices depend on 
a real parameter E, so will the Lyapounov exponents of Ha{i-o) and so do the 
measure /i^ (the common law of the A':^{E)), the group G^^ and the /i^-invariant 
probability measure Vp^E of proposition 31 

3.2. Regularity of the Lyapounov exponents. We want to study the regu- 
larity of the function E i-^ lp{E) for p e {1, . . . , N}. According to the integral 
representation obtained at Proposition [H we have to understand the regularity of 
E ^ Vp.E for any p in {1, ... , N} and to control the term || A'' Af|| in the integral, 
which depend on E as fiE depends on E. We will now give a general theorem for 
the regularity of the Lyapounov exponents of sequences of i.i.d. random symplectic 
matrices depending on a real parameter. 

Theorem 1. Let {A':^{E))„<=n be a sequence of i.i.d. random symplectic matrices 
depending on a real parameter E. Let ^e be the common distribution of the (E) . 
We fix a compact interval / m M and we assume that for E E L we have: 

(i) G^£, is p-contracting and Lp-strongly irreducible for every p e {1, . . . , N}. 

(ii) There exist Ci > 0, C2 > independent of n,oj,E such that for every p G 
{1,...,N}: 

(30) II A^' A-(£;)|p < exp(pCi +p\E\ + p) < C2 

(iii) There exists C3 > independent of n, uj, E such that for every E, E' G L and 
every p £ {1, . . . , A^}; 

(31) II - ^'' A':;xE')\\ <c^\e~e'\ 

Then there exist two real numbers a > and < G < +00 such that: 



Vpe {1,...7V}, yE,E'eL, \-fpiE)^-fp{E')\<C\E-E'\ 
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Proof. The methods to prove this theorem can be fomid in 9 , chapter V. In this 
reference this regularity result is written for transfer matrices associated to matrix- 
valued discrete Schrodinger operators. But this restriction to discrete operators 
only concerns the estimates (pO)) and (|3ip . They are obviously verified in the case 
of transfer matrices of discrete Schrodinger operators as it is explained in [9], p. 279. 
For a presentation using estimates pO|) and ([3T|) . one can read TT] where it is done 
in the case of transfer matrices associated to scalar-valued continuous Schrodinger 
operators. 

The main steps of the proof are the following. First we prove continuity of the 
Lyapounov exponents on / by proving continuity of the function: 

■■ I X V(Lp) R 

W.) E (log 

for every p G {1, . ■ . N}. We only use estimates and (pij) to prove this continu- 
ity. Then we prove weak continuity of the function E i— > Vp^E using Banach-Alaoglu 
theorem and the unicity of the /i£;-invariant measure i^p E as stated in point (iii) 
of proposition 3) Combining these two continuity properties and noting that: 

7i(£;) + . . . + -fp{E) = iyp,E{%,E) 

we get the continuity of the Lyapounov exponents. 

To prove the Holder continuity of the Lyapounov exponents we need a result on 
negative cocyles as stated in [9], Proposition IV 3.5, p. 187. We also need estimates 
on Laplace operators on Holder spaces like Proposition V 4.13, p. 277 in [9] which 
relies on estimates (|30|) and (jSlJ. Finally using the decomposition given in Propo- 
sition IV 3.12, p. 192 in [tJJ one can prove the Holder continuity oi E Vp ^ on 
/. 

For a complete presentation of this proof in the case of transfer matrices for 
continuous matrix-valued Schrodinger operators, with proofs showing the role of 
the p-ih exterior powers, we refer to |4j, chapter 6. □ 

We will now use this general result to prove the following theorem: 

Theorem 2. Let I he a compact interval in R. We assume that the potential 
VL, in Ha{'.jj) for d = 1 and N > 1 is such that the group G^^ associated to the 
transfer matrices of HA^io) is p-contracting and Lp-strongly irreducible for every 
p £ {1, . . . , N} and all E € I. Then the Lyapounov exponents associated to Ha{i-o) 
are Holder continuous on I, i.e, there exist two real numbers a > and < C < 
-|-oo such that: 

ype{l,...N}, yE,E'eL, \^p{E)~jp{E')\<C\E-E'\'' 

According to theorem [T] we only have to show that the transfer matrices A:^ (E) 
associated to Ha{uj) verify estimates (pOj) and ([3T|) . They already verify point (i) 
of theorem [1] by assumption. Before proving (|30p and (|3ip we will give two lemmas 
which arc the analog for matrix- valued operators of lemmas A.l and A. 2 in [TT]. 

Lemma 2. Let V be a matrix-valued function in Ll^^{R, Mp^ (R)) and u a solution 
of -u" + Vu^O. Then for all x,yeR: 

/ \\V{t) + l\\dt] 

Jmin(x,y) J 
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Proof. Let R{t) = \\u{t)\\^ + \\u'{t)\\^. We have : 

R'{t) = < u{t), u'{t) > + < u'{t), u{t) > + < u"{t), u'{t) > + < it'(i), u"{t) > 
= 2Re(< u{t),u'{t) >) + 2Re(< u'(t), V{t)u{t) >) 
= 2Ke{<u'{t),{V{t)^l)u(t)>) 

< 2Re(|K(t)|| \\V{t) + l\\ \\uit)\\) 

< 2||yw + i||(Mr^KW' 

= \\Vit) + l\\Rit) 

We have used the Cauchy-Schwarz inequahty and the arithmetico-geometric in- 
equahty. FinaUy, we have the inequahty : 

R'{t)<\\V{t) + l\\R{t) 

Which by integration gives us the expected inequahty. □ 

Lemma 3. For i =^ 1,2 let e Ll^^CR, Mn{M.)) and Ui a solution of ^u" + ViU = 
such that : 

3y £ M, ui{y) ^ U2{y) and u[{y) = u'^iy) 
Then, for every x G M ; 

(|K(x) - u2{xW + \\<{x) - u'^ixwy- < {\W{yW + \\<{yWY X 



exp 



<(x,t/) 



a(x,y) 



ll^i(i)ll + l|V^2WI| + 2dt X 



\\V^{t)-V2mdt 



Proof. Without loss of generality we can assume that y < x. We have, because of 
the assumptions made on the solutions ui and U2 ■ 



ui{x) — U2{x) 



ry 

J X 







p / / 

Jx V ^2{t) 



We take the norm of the two sides of the equality : 

< r llViW-yaWII \\uiimdt+ TdlV^aWII + l) 

J X J X 



ui{x) - U2{x) 
— u'2{x) 

Then by Gronwall lemma : 

ui{x) — U2{x) 
u[{x) - ui,{x) 



Ul{t) - U2{t) 
<W-«2(*) 



Ul{t) - U2(t) 
«iW-«2W 



dt 



dt 



(32) 



£ \\Vl(t) ~ V2(t)\\ \\u^(t)\\dtj exp (£(11^2(4)11 + l)dt 



But by lemma [21 for all t e [y, x] : 

ll^^iWIl' < ll^iWIl' + Ih'iWIl' < {\\u,{y)f + \\u\{y)f) exp ( / {\ms)\\ + 1)* 



IKWII<(IK(2/)ir + IK(2/)||^)^exp - [\\V,{s)\\ + l)d. 



So 



We put this in 



<(IK(y)lP + IK(y)lP)'exp 



miii(a:,y) 



^\\Vi{t)\\ + ^ + \\V2m + ^dt\ X 
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max(a;,y) 



m{t)-v2{t)\\dt 



' inin(a:,y) 

And we have finished the proof because : ^||T^i(t)|| + ^ < ||Vi(t)|| + 1. 
Notation: Let u^, . . . , v?^ be solutions of ([28| with initial conditions: 



□ 



(33) 







u^^in,E) 
[u^^)'{n,E) 





V 1 J 



(34) 



K{E) - 



Then the transfer matrix ^^{E) has the expression: 

u^{n+l,E) ... + !,£;) 

(wi)'(n+ 1,£;) ... {u^^)'{7i + l,E) 

of theorem[M We start by proving jSO]). Let + 1, £;) ('u')'(n + 1, E)) be the 

column of Af^{E) of maximal norm. Then: 

\mE)\\' = \\u\n + l,E)\\^ + \\iu^yin+l,E)\\^ 

Applying lemma [2] with x ~ n + 1 and y — n one gets: 

\\u\n + l,EW + \\iuyin + l,EW 

< {\\u\n,EW + \\{uyin,E)\\^) exp \\VUt) -E\\ + ldt^^ 

But due to dSSl) we have: \\u'{n,E)\\^ + \\{u'y{n,E)\\^ = 1. We also have that 
X I— > Vuj{x) is 1-periodic. Thus: 

/ ^ ||K.(t)-£;|| + idt= / ||K.(t)-£;|| + idt < ( sup \\vum] +\E\ + i 

Jn JQ \*e[0,l] J 

But being uniformly bounded on x and lu, there exists Ci > independent of 
to, n and E such that: 

( sup \\vum] <ci 

\te[o,i] J 

Then: 

\\A-{E)\\' <eMCi + \E\ + l) 
As / is compact, \E\ is also bounded and so there exists 6*2 > independent of 
uj,n and E such that: exp(Ci + \E\ + 1) < (72- Finally, we use that for every 
p e {!,.. . ,2iV} and for every M e GL2Ar(M): || M\\ < \\M\\p. Applying it to 
M ^ A';l{E), we obtain (|30ll . 

To prove ([31]) we first prove it for p — 1. Let E,E' e /. First there exists 
ie {!,.. .,27V} such that: 



\\A-{E)~A-{E')\\ = 



< 



u'{n,E) 
{u')'[n,E) 



u'{n + l,E) 
{u'Y{n + l,E) 

n+l 



u'{n+l,E') 
iu'yin+l,E') 



exp 



\\V^{t)-E-{V^{t)-E')\\dt]x 
f ^ \\VUt) -E\\ + \\{VUt)-E')\\+2 dt^ 
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by lemma [3l Thus: 
\mE)^A-iE')\\ < \E-E'\e^p(^j\\\VUm + \E\ + \E'\+2dt 

< \E - E'\eyii>{2Ci+2 + 2£{I)) 

< C3\E-E'\ 

with C3 independent of n, lu and E. Now for p > 1 we use the following estimate 
vahd for M, N e GL2Ar(M) and p G {1, . . . , 2iV}: 

II AP M - APN\\ < \\N - M\\{\\N\\P~^ + ||Af ||.||iV||P"2 + . . . + \\M\\p-^) 

It is a direct computation (see [1] p. 118 for details). Applying it to M = A':^{E) 
and N = Af^{E') one gets: 

II A^- - APA';:{E')\\ < pCP-'C,\E - E'\ 

and C3 — pCP~^C3 is independent of n,uj,E and E' . 

We have checked (ii) and (iii) in theorem[l]and (i) is an assumption in theorem 
[51 Therefore we can apply theorem [1] to have the Holder continuity on / of the 
Lyapounov exponents associated to ^^(w). □ 

4. Holder continuity of the IDS 

4.1. Kotani's w function. We start by introducing the w function of Kotani as 
defined in [20] for matrix-valued Schrodinger operators. For this, we first have to 
define the m-functions associated to such operators. We follow |20j and we will 
refer to this article for all proofs of this paragraph. Let C+ denote the half upper 
plane {z G C | Im(z) > 0} and C_ the lower half plane {z G C | Im(z) < 0}. 

Proposition 5. Let E G C+UC_. We fix uj G f2. Then there exists a unique func- 
tion X I— > F^{x,E) with values in A^n(C) (respectively x > F^[x,E)) satisfying 

/•oo 

-F'l + V^F+^EF+, F+{Q,E)^I, &m\ / \\F+{x , E)\\^ dx < +<x, 

Jo 

respectively : 

-F'l + V^F^ = EF^ , F^ (0, E) = /, and / | \F^ (x, E) \\^dx < +00 

J —00 

Proof. See [2Dj, Corollary 2.2. □ 

Definition 3. For E G C+ UC_ we define the m-functions Af-|_ and Af_ associated 
to Ha{l^) by : 

M+{E) = Af+(x,S)U^o and M_{E) = -^F.{x, E)\^=o 

With these functions we can give the expression of the Green kernel of the 
resolvant of _ff^(cj). 

Proposition 6. Let E G C+UC_. Then {Ha{ijj) — E)~^ has a continuous integral 
kernel GE{x,y,uj) given by : 

r -F_(x)(M+ + Af_)-i if X < y 

^E{x,y,uj) - < + Af_)-i *F_(y) if y<x 



16 



HAKIM BOUMAZA 



Proof. See 00], Theorem 3.2. □ 

We can now define the w function of Kotani. This function will be the link 
between the Lyapounov exponents and the IDS. Indeed, its real part will be the 
sum of the N positive Lyapounov exponents while its imaginary part will tend to 
ttN{E) when E tends to the real line. 

Definition 4. Let E e C+ U C_ . We define the w function of Kotani by: 

w{E) ^ ^E{TriM+{E) + AUE))) 

Then the w function has the following properties: 

Proposition 7. For e C+ U C_ .• 

(i) w{E) = E{Tr{M+{E))) = E{Tt{M^{E))) 

(ii) ■^w{E)=E{Ti{Ge{0,0,u:))) 

(iii) -Re w(£') = (71 + . . . + 7Ar)(£') 

(iv) E(Tr(Im M^{E,co)-^)) = = ^'^- + 1.+;"''^^ 

Proof. See |20j. Theorem 6.2C. □ 
In point {iii) we have to precise that the formula: 

(7i(i?) + ...+7A^)(i?))- lini -E(log||A^«_i...^-)||) 

n — >oo 12 

makes sense for every E E C 

We can now generalize results of harmonic analysis of the w function presented 
in the case of scalar-valued Schrodinger operators by Kotani in [T5] to the case of 
matrix-valued Schrodinger operators. 

First we introduce the space of Herglotz functions: 

H = {h \ h is holomorphic on C+ and h : C-|- C+} 
Then we define a subspace of H: 

W = {w eH \ w, w', -iw e H} 

Proposition 8. The Kotani's function w is in W. 

Proof. First, as Ha{lo) is self-adjoint, its spectrum is included in R and E Ad^{E) 
is holomorphic on C \ M and so is i? i— > Tr(M+(i?)). If Im£' > 0, by Proposition 
2.3 (a) in [5D], one has: 

Im M+{E) {IityE) / F+{x, E)*F+{x, E) > 
Jo 

Thus, E Ti{M+{E)) is in H and w e H. 

ThenbypropositionEKw), w'{E) = E(Tr(Gi5(0, 0, tj))). But Gi=;(0,0,a;) is holo- 
morphic away from the spectrum of Ha{uj) and so is Tr(G'£;(0, 0, w)). If Imi? > 0, 
then the operator Im(i?yi(ijj)— £')^^ is a positive definite operator and ImTr(G£;(0, 0, w)) > 
0. Then linw'{E) = ImTr(G£;(0, 0, tj)) > and w' e H. 

Finally, —iw is holomorphic on C+ as w is. Ii E Cz C+: 

lm{-iw{E)) = -Re w{E) = (Imi;)E(Tr(Im M+{E,uj)-^)) 

byproposition[7](ii;). ButifE' e C+, Trilm M+{E,ujy^) > and then Im(-iu;(i;)) > 
0. Therefore, -iw eH. □ 
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4.2. A Thouless formula. Let n be the measure defined in proposition [2l 
Proposition 9. 

(35) VEeC\m, E(Tr GeIO, 0, u;)) = j 

Proof. As M is a limit of bounded Borel sets and the Dirac distribution at 0, Sq, 
can be approached by compactly supported continuous functions, positives and of 
L^-norm equal to 1, using proposition [3] we have: 

Then applying the spectral theorem to the self-adjoint operator HA{io): 
LP^ - E(Tr(/^^d<.o,i^..M((-oo,i.']).o» 

Tr(< So, (^^-^^di?H,M((-«^,^'])) So >)) 

= E(Tr(<<5o,(-ffAM--B)-Mo >)) 
= E(Tr(GB(0,0,w))) 

□ 

With this proposition, we can express the imaginary part of w in terms of the 
IDS N{E). 

Proposition 10. 

(36) \/E e M, lim Im w(E + ia) = ttN(E) 

Proof. First, by proposition [7] (ii): 

VzeC\M, w'(z) E(Tr(G^(0,0,u;))) 
Then, we can apply proposition [5J 



Vz e C\]R, w'(z) = 



dn{E') 

dE' 



E' - z 
N{E') 



[E' - z)2 

by integrating by parts. Then by integrating this expression, there exists a constant 
c G C such that: 

But if 2 g R is not in the spectrum of Ha{(^) then w{z) e R (see [7|, lemma 5.10, 
p84). Thus we must have c G R. Then, taking imaginary part in (|37p and writing 

bv z £ C+, z ^ E + ia, E e R, a > 0: 

Im w{E + ia) a f , ^, ^[^J 7 dE' 

N{E + au) 



1+m2 



du 
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where u — ^ . But N{E) being a repartition function, it is right continuous and 
so: 

WE G M, hm Im w(E + ia) = N(E) f — ^ du ^ nN(E) 

□ 

We have an analoguous proposition for the real part of w{E). 
Proposition 11. For Lehesgue-almost every E in K., we have: 

(38) hm Re w{E + ia) = -(71 + . . . + -in){E) 

Moreover, if I dW is an interval on which E t-^ —{ji + ■ ■ ■ +7Ar)(£') is continuous 
then i38\) holds for every E € I . 

Proof. First by proposition [7] (Hi) , we have: 

(39) \/z eC\R, Re w{z) = -(71 + . . . + jn){z) 

The function z 1^ —(71 + . . . + 7Ar)(z) is subharmonic (see ^U\) and so for almost 
every E in M the following limit exists: 

(40) lim(7i + . . . + 7Ar)(S + ia) = (71 + . . . + -fN){E) 

a— >0 

Let _E be a real number such that holds. Then setting z — E + ia with a > 
in ([M]) one gets the existence of the following limit: 

(41) lim Re w{E + ia) = -(71 + . . . + 7w)(£^) 

Moreover, if / is an interval on which E 1-^ (71 + . . . + 7Ar)(_E) is continuous, the 
relation (|4T|) holds for every in / as it holds for almost every E E I. □ 



Now we can prove a Thouless formula adapted to matrix-valued continuous 
Schrodinger operators. As (71 + . . .+7Ar)(i?) and N{E) are respectively the real and 
imaginary part of the function vu which lies in W, the harmonic analysis developed 
in [19j says these two functions are linked by an integral relation. 

Theorem 3 (Thouless formula). For almost every E eM. we have : 

E' -E 



(42) 



(71 + . . . + 7Ar)(£^) = -a+ log 



E' 



dn{E') 



where a is a real number independent of E and n is the measure of which the IDS 
E 1-^- N(E) is the repartition function. Moreover, if I G is an interval on which 
E I—* —(71 + . . . + 7jv)(-B) is continuous then |^^[ ) holds for every E € I. 

Proof. As w e W, we can apply to w the lemma 7.7 in [19] . In particular, using 
also proposition 1101 we have: 



(43) 
Then: 

(44) 



Vz e C \ M, w{z) = w{i) + / log 



E' 



E' 



Re w{z) = Re w{i) 



log 



E' 



E' 



dn{E') 



dn{E') 
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Let z ^ E + ia with E E M. such that ([38]) holds and a > 0. Then when a goes to 
0, by proposition [TT] we have: 

(45) - (71 + ... + -fN)iE) = Re u;(i) + / log 

If we set a = Re w{i) we finally get ([32]) for every iJ in M such that (|38p holds, i.e 
for almost every E in R. Then if I is an interval on which E i-^ {-fi + . . . + 7Ar)(-E) 
is continuous, by proposition [TT| (|42p will hold for every E in I. □ 



E'-i 
E' ~E 



An{E') 



We can now use this Thouless formula to prove that the IDS E ^ N{E) has the 
same regularity as the Lyapounov exponents. 

4.3. Local Holder continuity of the IDS. We start by a quick review of the 
Hilbert transform and its main properties. For the proofs we refer to [21j . chapter 
3. 

Definition 5. IfipE L'^{M.), its Hilbert transform is the function defined on M by: 



{T^){x) 



lim — 

£^0+ TT 



dt 



\x — t\>e 



Proposition 12. Let e ^^(R). 

(i) Then T'^ip^x) = —ip{x) for almost every x in R. 

(ii) // V' is Holder continuous on the interval [xq — a, Xq + a], a > 0, then T^p is 
Holder continuous on the interval [xq — ^, Xq + 

Now we can prove the following result of regularity of the IDS. 

Theorem 4. Let I be a compact interval in R and I be an open interval, I <Z I . We 
assume that the potential Kj in Ha{ij->) for d ~ 1 and N > 1 is such that the group 
associated to the transfer matrices of Ha{i^) is p-contracting and Lp-strongly 
irreducible for every p € {1, . . . , N} and every E £ I . Then the IDS associated to 
Ha{uj) is Holder continuous on I. 

Proof. First, the application E' i-^ log ^ %r_^ ) is n-integrable on R. Indeed the 
renormalisation term E' — i at the denominator balances the fact that the support 
of n is non-compact. Thus, we have: 



yEe 



(46) 

from which we deduce that 
(47) yE e 



lim 

^0+ 



pE+s 


log ^ 


E' - E 








) 


lE-e 




E' 





dn{E') = 



lim I \og( e)\(N{E + e) - N(E - e)) = 

It implies that E i— > N(E) is continuous on R. Let Eq ^ I he fixed and a > such 
that [£^0 - 4a, Eq + 4a] C /. Then, by theorem^ for E e]EQ - 4a, Eq + 4a[: 



(71 



+ ... + 7iv)(i5) + a- / 1°S h?^ A] dn{E')= l°g h?^ r 

J IE' -En\>4a \\ E —1 1/ JEn-ia \\ E — 1 |/ 



dniE') 



Then: 

l-Eo+4a 
J Eo-ia 



log 



E' -E 
E' -i 



dn{E') 




E-e 



\og\E' ~E\ dn{E') 



Eo—Aa 
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Eo+ia 



E+E 



log\E'-E\ dniE')\-- 



Eo+4a 



log(l + (E'Y) dn{E' 



Bo -4a 



We set: 



1 pEo+4a 

I{Eo) - - / log(l + {E'f) dn{E') 

^ J Eg -4a 



Then, integrating by parts the first two integrals leads to: 



Eo+4a 



log 



Bo -4a 



E' - E 



E' -i 



dn{E') 



= lim 



[N{E')log\E' - E\]^;l,^ 

Eo+4a j^^^,^ 



E-E 



'-dE' + [NiE')log\E'-E\]X 



E+e 



E' -E 



dE' 



-T{Eo) 



We set i,{E) = N{E)x{\E-Eo\<4a} e 

f.-Eo+4a 

log \E' ~ E\ dn{E') 



By definition of the Hilbert transform: 



Bo -4a 

= Ti{TiP)(E)+ lim [{N{E-e)- N{E + e))\oge + N{Eo + 4:a)\o'g\Eo- E + 4,a\ 

-~N{Eq ~ 4a) log \Eu - E- 4a\] - I{Eo) 
= n{Tip)(E) + N{Eo + 4a) log \Eo - E + 4a\ - N{Eo - 4a) log \Eo - E - 4a\ - T{Eo) 
by (gZl). We finally get: 

E' -E 



n{m(E) = (7i + ...+7^)(£) + a- / logf^^) 

J\E'-Ea\>4a \ ^ 1 / 



' \E>-Eo\>4,a 

N{Eo + 4a) log \Eo- E + 4a\ + N{Eo - 4a) log l^o - -B - 4a| +I{Eo) 



(7i + ...+7jv)(S) + a- 



log 



E' - i 

og I -Bo 
E' -E 



dn{E') - 



E' - i 



dn{E')+I{Eo) 



\E' -Eo\>4,a 

But as [Eq ~ 4a, i?o + 4a] C / C /, i? (71 + . . . + 7Ar) {E) is Holder continuous on 
[£^0 - 4a, E^ + 4a] by theoremd Moreover, E i-> l\E'-Eg\>4a ( ) dn(£") 

is Holder continuous of order 1 on the interval \Eq — 4a, Eq + 4a[. 

Then Til) is Holder continuous on every compact interval included in \Eq — 
4a, Eq + 4a [, in particular it is Holder continuous on [Eq ~ 2a, Eq + 2a]. Thus by 
proposition[T2l (m) . T^ip is Holder continuous on [Eq — g, Eq + g]. But by proposition 
and by continuity oi E 1-^ N{E) (by (gT])), we have: 

VE e [Eq -a,EQ + a], {T^^j){E) = -N{E) 

Then E 1-^ N{E) is Holder continuous on [Eq — a, Eq + a]. But / being compact, 
it can be covered by a finite number of intervals ]Eo — a, -Eq + a[c / with Eq g /. 
Thus, E N{E) is Holder continuous on /. □ 



The Holder continuity of the Lyapounov exponents and of the IDS relies on the 
assumptions of p-contractivity and Lp-strong irreducibility for every p £ {!,..., N} 
made on G^^j, . But, for arbitrary potential VL, we do not know if these assumptions 
are verified or not. In the next section we will present a first example of continuous 
matrix-valued Anderson model for which these assumptions are verified. 
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5. Anderson model on two coupled strings 



We will now see how to apply theorem |4] to a particular case of Ha{uj), which is 
the following operator: 



Here, X[o.i] denotes the characteristic function of the interval [0, 1] and (ojj" )„gz 

and {aj^'^)nez are two independent sequences of i.i.d. random variables with com- 
mon law v such that {0, 1} C suppi/. This operator is a bounded perturbation of 
(— -^) (g) I2 and thus self-adjoint on the Sobolev space (g) C^. 

For the operator Hab{'-^), we have the following result: 

Theorem 5. The Integrated Density oj States N{E) associated to Hab{^) exists 
for every _E G K. Moreover, there exists a discrete subset Sb C M such that for every 
compact interval I C (2, -|-c») \ Sb, the function E 1— > N{E) is Holder continuous 
on I . 

According to theorem IH we only have to prove that there exists a discrete subset 
Sb C R such that for every E e (2,-|-oo) \ Sb, the group G^^ associated to 
the transfer matrices of Hab{^) is p-contracting and Lp-strongly irreducible for 
p e {1, 2}. It has already been proved in a previous article of the author, [3], and 
we will only give here the outlines of the proof and some comments. 

To prove that an explicit group is p-contracting and Lp-strongly irreducible can 
be very complicated. It has been done in [llj for the case of a scalar- valued contin- 
uous Anderson model, but their proof relies on properties of reflection and trans- 
mission coefficients which no longer holds in the matrix-valued case. In the case 
of a discrete matrix-valued Anderson model, a more algebraic approach has been 
successfully used by Gol'dsheid and Margulis in [14]. We follow here this approach 
and adapt it to the case of continuous matrix-valued Anderson models. It is based 
on the following criterion: 

Theorem 6 (Gol'dsheid, Margulis [2]). If a subgroup G o/Sp^(M) is dense for 
the Zariski topology in Sp^(R) then it is p-contracting and Lp-strongly irreducible 
for every p G {I, . . . , N}. 

In the case of a discrete matrix-valued Anderson model, the transfer matrices 
have a simple enough expression to make possible a direct construction of the Zariski 
closure of the group G^^ generated by these transfer matrices. And so it can be 
proved that for every E gR, Gf_ij^ is Zariski dense in Sp^(R). 

In our case, the transfer matrices associated to IIab{^), even if they are still 
explicit, are complicated enough to not allow a direct reconstruction of the Zariski 
closure of G^e for every E except those in a discrete set. It is due to the fact that 
E and the w^'s are not separated in the expressions of these transfer matrices. A 
direct reconstruction of the Zariski closure of G^^ is in fact possible, but only for 
values of E away from a dense countable subset of R, as shown in It leads to 
the impossibility to find an interval of values of E such that G^^ is p-contracting 
and Lp-strongly irreducible and makes it impossible to apply theorem |4l 

The idea in [3], to improve the result of [5], is to combine the criterion of 
Gol'dsheid and Margulis to a recent result of Breuillard and Gelander on Lie groups: 
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Theorem 7 (Brcuillard, Gelander [6]). Let G be a real, connected, semisimple Lie 
group, whose Lie algebra is Q. 

Then there exists a neighborhood O of 1 in G, on which log = exp~^ is a well 
defined diffeomorphism, such that 51, ... , G O generate a dense subgroup if and 
only i/ log 51, ... , log^^ generate g. 

Using this theorem leads us to: 

(i) Prove that we can find suitables powers of the transfer matrices which lies in 
an arbitrary neighborhood of the identity in Sp2(K). These powers will be 
our "f;i, . . . , g™" . To construct these powers we use simultaneous diophantine 
approximation which can be used only for E' > 2 in our model, as explained 
in Section 4.1 of [3j. 

(ii) Compute the logarithms of these powers of transfer matrices. It leads to a 
first discrete set of E^s in K on which these logarithms are not defined. 

(iii) Out of this discrete set of £"s, prove that these logarithms generates the Lie 
algebra sp 2(1^) of Sp2(M), except for E^s in an other discrete subset of K which 
corresponds to zeros of some determinants (see Section 4.3 in [3]). This part 
of the proof is constructive and for the moment it was not possible to do it 
for N stricly larger than 2. 

So finally, in [3] , we were able to prove that there exists a discrete set Sb C M such 
that for every E inSB, E > 2, the closed group G^^ is dense and therefore equal to 
Sp2(M). So we can apply theorem[4l because any compact interval / C (2, -\-oo)\Sb 
is also included in an interval / C (2, +00) \ Sb on which G^^ is p-contracting and 
ip-strongly irreducible for p G {I7 2}. This finishes the proof of theorem [Sj 
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